
	 	 	 	

	

	

	

	

Visit 	mathscraftnz.org	|	Tweet	to	#mathscraftnz	|	Email 	mathscraftnz@gmail.com	

How to make a 
Penrose tiling 

Dart	Kite	

A	tiling	is	a	way	to	cover	a	flat	
surface	using	a	fixed	collection	
of	 shapes.	 In	 the	 left-hand	
picture	 the	 tiles	 are	
rectangles,	 while	 in	 the	 right-
hand	 picture	 they	 are	
octagons	 and	 squares.	 You	
have	 probably	 seen	 many	
different	 tilings	 around	 your	
home	or	in	the	streets!	

In	each	of	these	examples,	you	could	draw	the	tiling	pattern	on	tracing	paper	and	then	shift	the	
paper	so	that	the	lines	once	again	match	up	with	the	tiles.	Mathematicians	wondered	whether	it	
was	 possible	 to	make	 a	 tiling	which	didn’t	have	 this	 property:	 a	 tiling	where	 the	 tracing	 paper	
would	never	match	the	pattern	again,	no	matter	how	far	you	moved	it	or	in	which	direction.	Such	
a	tiling	is	called	aperiodic	and	there	are	actually	many	examples	of	them.	

The	 most	 famous	 example	 of	 an	 aperiodic	 tiling	 is	 called	 a	 Penrose	 tiling,	 named	 after	 the	
mathematician	and	physicist	Roger	Penrose.	A	Penrose	tiling	uses	only	two	shapes,	with	rules	on	
how	they	are	allowed	to	go	together.	These	shapes	are	called	kites	and	darts,	and	in	the	version	
given	 here	 the	 red	 dots	 have	 to	 line	 up	 when	 the	 shapes	 are	 placed	 next	 to	 each	 other.	 This	

means,	 for	example,	 that	 the	dart	cannot	
sit	on	top	of	the	kite.	Three	possible	ways	
to	 start	 a	 Penrose	 tiling	 are	 given	 below:	
they	 are	 called	 the	 ‘star’,	 ‘sun’	 and	 ‘ace’	
respectively.	 There	 are	 4	 other	 ways	 to	
arrange	 the	 tiles	around	a	point:	 can	you	
find	them	all?	(Answer	on	the	other	side!)	
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Here	are	the	7	ways	to	fit	the	tiles	around	a	point.	Did	
you	find	them	all?	

Some	of	these	starting	patterns	will	force	you	to	place	
other	 tiles	 in	 certain	 places,	 while	 others	 give	 you	 a	
free	choice	about	what	to	do	next.	There	are	actually	
infinitely	many	ways	 to	make	a	Penrose	 tiling!	 If	 you	
start	 with	 the	 star	 or	 the	 sun	 you	 can	 make	 a	 tiling	

with	5-fold	symmetry	around	 its	centre.	Other	tiling	patterns	may	have	a	 local	5-fold	symmetry,	
but	this	is	destroyed	as	you	build	further	outwards.	

Penrose	 tilings	 are	 amazing	 mathematical	 objects.	 Any	 region	 of	 tiles	 that	 you	 make	 will	 be	
repeated	infinitely	often	in	every	possible	Penrose	tiling.	This	means	that	if	you	were	standing	on	a	
plaza	which	was	Penrose	 tiled	 in	every	direction,	 you	 couldn’t	 look	around	you	 to	 see	 the	 local	
pattern	of	tiles	and	be	able	to	tell	where	you	were	within	the	whole	pattern,	nor	be	able	to	tell	
which	 of	 the	 different	 tilings	 you	 were	 in.	 This	 is	 not	 surprising	 for	 a	 periodic	 tiling,	 like	 the	
rectangles	we	saw	earlier,	but	it	seems	amazing	for	a	tiling	which	is	aperiodic.	

The	 golden	 ratio,	 φ,	 appears	 everywhere	 in	 a	 Penrose	 tiling.	 This	
number	is	the	ratio	of	the	side	of	a	pentagon	to	its	chord,	and	is	about	
1.618.	 The	 kites	 and	 darts	 themselves	 can	 be	 created	 by	 drawing	 a	
pentagon	 within	 a	 pentagon	 as	 shown,	 so	 that	 is	 why	 this	 magical	
number	keeps	appearing.	The	 ratio	of	 the	 long	 to	 the	 short	 sides	of	
the	kites	and	darts	is	φ:1.	The	ratio	of	the	areas	of	the	kites	and	darts	
is	φ:1.	The	ratio	of	the	number	of	kites	to	the	number	of	darts	in	any	
Penrose	tiling	is	φ:1.	Can	you	find	any	other	examples	of	φ	appearing?	

It	is	possible	to	tile	kites	and	darts	using	smaller	kites	and	darts.	This	means	that	if	we	start	with	a	
tiling,	we	can	use	 this	method	 to	get	an	even	more	 intricate	Penrose	 tiling.	 Scaling	up	 this	new	
tiling	so	the	smaller	kites	and	darts	are	the	same	size	as	the	ones	we	first	started	with,	we	have	
created	 a	method	of	making	 a	 bigger	 Penrose	 tiling	 from	a	 smaller	 one.	 This	 also	 shows	 that	 a	
Penrose	tiling	is	a	kind	of	fractal,	as	it	has	self-similarity.		

You	could	tile	your	kitchen	floor	or	bathroom	wall	with	Penrose	tiles:	something	similar	has	been	
done	on	the	pavements	in	Oxford	(outside	the	Maths	Department	at	the	University	of	Oxford)	and	
Helsinki	(on	Keskuskatu	Street).	But	a	more	intriguing	use	of	Penrose	tiles	has	been	found.	

In	 1982	 a	 crystallographer	 called	 Dan	 Shechtman	 discovered	 a	 strange	 phenomenon	 called	
quasicrystals.	 Looking	at	an	alloy	of	aluminium	and	manganese	 that	he	had	made,	he	noticed	a	
pattern	with	10-fold	symmetry.	Chemists	believed	that	only	symmetries	of	orders	2,	3,	4	or	6	could	
exist	in	crystals,	so	they	considered	Shechtman’s	work	to	be	a	mistake.	But	it	turned	out	that	he	
was	 right	 and	 that	 he	 had	 discovered	 a	 kind	 of	 3-dimensional	 Penrose	 tiling.	 Shechtman	 was	
awarded	the	Nobel	Prize	in	Chemistry	in	2011	for	his	discovery,	which	is	now	being	developed	to	
make	non-stick	coatings	in	frying	pans	and	to	make	stronger	kinds	of	steel	for	armour	and	surgical	
equipment.	

Download	and	print	your	own	Penrose	tiles	from	http://bit.ly/2bHENpd.	Read	more	about	Penrose	
tilings	in	this	wonderful	article	by	Martin	Gardner:	http://bit.ly/2bnS3EB.		


